Abstract. In this note we study sub-Hardy Hilbert spaces on which the the action of the operator of multiplication by the coordinate function z is assumed to be weaker than that of an isometry. We identify such operators with a class of weighted shifts. The well known results of de Branges and Beurling are deduced as corollaries .
Introduction
There is a well known result of de Branges, see [12] , that characterizes all Hilbert spaces which are contractively contained in the Hardy Space H 2 and on which the operator of multiplication by the coordinate function z acts isometrically. This result is the starting point of a model theory for operators initiated by de Branges and Rovnyak [4] and developed further in significant ways by de Branges [3] , Sarason [11] and by many others as mentioned in the references of Nikolskii [7] and [11] . The starting point of this theory is the above referred theorem of de Branges which in turn is a generalization of the famous invariant subspace theorem of Beurling [2] . De Branges has actually generalized not only Beurling's theorem but also its vector-valued generalizations due to Lax (finite multiplicity) and Halmos (infinite multiplicity). In the scalar case, Sarason [12] has provided a simple proof of the theorem of de Branges. It was further observed by Singh and Singh [16] that no continuity condition (in particular the contractivity condition) needs to be assumed on the sub-Hardy Hilbert space contained in H 2 to classify the Hilbert spaces that are vector subspaces of H 2 and on which T z , the operator of multiplication by the coordinate function z, has an isometric action. Later, Agrawal and Singh [1] and Singh [15] produced theorems of de Branges type in the context of several Banach spaces of analytic functions and in the context of two variables respectively. De Branges' result was further generalized to the context of the operator of multiplication by a finite Blaschke factor acting isometrically on a Hilbert space sitting inside the scalar Hardy space H 2 by Singh and Thukral [17] thereby generalizing the Lax theorem without taking recourse to vectorial function theory that is embedding in a scalar setting leading to a general inner-outer factorization theory. Redett [8] extended the theorem of Singh [15] , to the context of the H p spaces. In fact, Redett has extended the related results along the above discussed lines in several directions such as in [9] and [10] .
In this paper we look at sub-Hardy Hilbert spaces on which the operator T z satisfies conditions more general than being an isometry and we identify such operators with a class of weighted shifts. Our theorem has three distinct and interesting features:
(i) We impose simple conditions on the operator T z -of multiplication by the coordinate function z. (ii) The characterization due to Singh and Singh [16] follows as a corollary to our theorem thereby the characterizations due to de Branges [3] and Beurling [2] also follow from our result. (iii) Our conditions -as demonstrated in Remark 3 -put the operator T z beyond the purview of Shimorin's theorem [14] .
Definitions and Preliminaries
The Hardy space It is well known that H ∞ is properly contained in H 2 and that an f in H 2 also belongs to H ∞ if and only if f multiplies H 2 back into H 2 . For a detailed account on Hardy spaces we refer to [5] and [6] .
Let T be a bounded operator on a Hilbert space H. We call T a weighted shift operator with weight sequence {w n } ∞ n=0 if T e n = w n e n+1 , where {e n } is some orthonormal basis for H and where w n is a bounded sequence of positive numbers. An operator T is said to shift an orthogonal basis {h n } of H if T h n = h n+1 for each n. Certain elementary properties related to weighted shifts can be found in the survey article by Shields [13] . We quote two very basic and standard facts from [13] in this section. The first theorem gives a necessary and sufficient condition for an operator to be a weighted shift.
Theorem 2.1. ([13], Proposition 6) T is an injective weighted shift operator on a Hilbert space H if and only if T shifts an orthogonal basis for H.
Remark. It turns out that if T shifts an orthogonal basis {f n }, then the basis e n and the weight sequence {w n } for which T (e n ) = w n e n+1 holds are given by
The second theorem tells us that a weighted shift operator can be looked upon as the operator of multiplication by z on the Hilbert space
with the inner product
Here {β n } is a sequence of positive numbers.
Theorem 2.2. ([13], Proposition 7)
The linear operator T z (multiplication by z) on H 2 (β) is unitarily equivalent to an injective weighted shift operator (with weight sequence {w n }). Conversely, every injective weighted shift operator is unitarily equivalent to T z acting on H 2 (β) for some sequence β. The precise relation between {w n } and β is given by β 0 = 1 β n = w 0 · · · w n−1 f or all n ≥ 1.
Main Result
The following is our main theorem. Proof. We first note that T z (M ) is a closed subspace of M as the bounded operator T z on M , using assumption (i), is bounded below. Put N = M ⊖ T z (M ). Note that N is non-trivial. For if N = {0}, we have M = T z (M ). This implies that for any n ≥ 1, an arbitrary f ∈ M, can be written as f = z n f n for some f n ∈ M. Since f is holomorphic on D, this is possible only when f = 0, which contradicts the fact that M is non-trivial. In view of assumption (ii), we can write
Proceeding inductively we have, for every n ∈ N,
Moreover, for n ≥ m ≥ 1, by similar arguments as above, we get
It can be seen that the coefficient of z k in the above equation
which is same as the coefficient of z k in the formal product of the power series of f and g. Therefore f g = h ∈ M, and with this we conclude that f H 2 ⊆ M ⊆ H 2 . Hence f ∈ H ∞ . The rest of our proof will be divided into the following two cases. Case I. Suppose there exists a function in M that is non-zero at 0. Then, in view of Equation (1), we get a function in N that is non-zero at 0. We assert that the dimension of N is equal to 1.
Suppose f, g ∈ N such that f ⊥ g in M. We shall first show that f g ⊥ f in M. If f n and g n stand for the n th partial sums of the Taylor series for f and g respectively, then it follows, using Equations (1) and (3), that f n g → f g and each f n g is orthogonal to f in M. Therefore, f g ⊥ f in M.
Let g = γ 0 + zh for some γ 0 ∈ C and h ∈ H 2 . Note that f ∈ N. Therefore, f g, f h are both in M, and
, zf h is orthogonal to f. Then by taking inner product of both sides in (4) with f we obtain
But, by our earlier argument, f g is orthogonal to f in M. Therefore γ 0 ||f || 2 M = 0. Now if f is non-zero, then g(0) = γ 0 = 0. In addition, if we assume g ∈ N to be non-zero as well, then by using arguments similar to the one employed above, with roles of f and g being interchanged, we get f (0) = 0.
Thus, if dim(N ) > 1, every function in N must be zero at 0 which is not possible as we do have a function in N that is non-zero at 0. Hence, dim(N ) = 1.
Let b ∈ N with ||b|| M = 1. We shall now show that bH 2 is dense in M. Since b ∈ N, bH 2 ⊆ M which implies that bH 2 ⊆ M. To establish the other containment, let h ∈ M such that h ⊥ bH 2 . Then h ⊥ bz n for all n ≥ 0, and so h ⊥ T n z (N ) for all n ≥ 0 as N = b . Therefore, using Equation (1), we get h ∈ T n z (M ) for all n ≥ 1. Thus, for each n ≥ 1, h = z n h n for some h n ∈ M. Since h is a holomorphic function on D, this is possible only when h = 0. Hence, M = bH 2 . The fact that ||bf || M ≤ ||f || 2 for all f ∈ H 2 follows from Equation (2).
Case II. Suppose f (0) = 0 for all f ∈ M. Let n be the largest integer such that f (n) (0) = 0 for all f ∈ M. Then each f ∈ M is of the form z n+1 g for some g ∈ H 2 , and also, there exists h ∈ H 2 such that z n+1 h ∈ M and h(0) = 0.
Then K is a vector subspace of H 2 that is invariant under T z and contains an element that does not vanish at 0. Define
Clearly, U is a vector space isomorphism from K onto M and therefore ||f || K = ||z n+1 f || M defines a norm on K with respect to which K becomes a Hilbert space and U a unitary.
For notational convenience, let T M and T K denote the operator T z acting on the Hilbert spaces M and K, respectively. Note that T M = U T K U * . Therefore, the Hilbert space K satisfies all the hypotheses of the theorem. Also, K contains an element f that is non-zero at 0. Hence, by Case I, there exists a d ∈ H ∞ such that K = dH 2 and ||df || K ≤ ||f || 2 for all f ∈ H 2 . Taking b = z n+1 d we conclude that M = bH 2 where b ∈ H ∞ and ||bf || M ≤ ||f || 2 for all f ∈ H 2 . In conclusion, for both the above cases, {bz n } is an orthogonal basis for M = bH 2 . Since T z shifts this orthogonal basis, that is, T z (bz n ) = bz n+1 , we conclude, using Theorem 2.1, that T z acts as a weighted shift on M. This completes the proof.
Remark. In the above result we obtain that bH 2 is dense in M. The subspace bH 2 is closed in M if and only if there exists a δ > 0 such that
for all f ∈ M and all n ≥ 0. In this case, δ||f || 2 ≤ ||bf || M ≤ ||f || 2 for all f ∈ H 2 . Note that (5) is nothing but assumption (i) in the above theorem with T n z in place of T z .
To see that our above remark is valid we proceed as follows. If the inequalities in (5) hold true, then by using arguments similar to the ones employed to obtain (2) we get δ||h|| 2 ≤ ||bh|| M ≤ ||h|| 2 for all h ∈ H 2 . From this it easily follows that bH 2 is closed in M. To prove the reverse implication, suppose bH 2 is a closed subspace of M. Then the one-to-one contraction h → bh from H 2 onto bH 2 , using Open Mapping Theorem, is actually invertible. Thus, there exists a positive constant c such that c||h|| 2 ≤ ||bh|| M ≤ ||h|| 2 for all h ∈ H 2 . This implies, for any k, n ≥ 0, c||bz k || M ≤ ||bz n+k || M ≤ ||bz k || M which yields the Inequalities in (5).
A weighted Hardy space H 2 β where {β n } is a decreasing sequence of positive numbers bounded away from zero serves as an easy example of M for which (5) is satisfied. Here even though M = H 2 (β) = H 2 as a vector space, but by choosing β n carefully we can guarantee that T z does not act as an isometry on M. For example, take β n = (n + 3) 1/(n+3) , n ≥ 0.
